Abstract. A new network flow method is proposed in this work
Preliminaries
The interest for different methods and tools for the evaluation of risks in various processes and phenomena is continuously increasing. Particular attention is paid to the network treatment which is met in many of the practical processes.
Risk is considered as evaluation of the danger for the particular individual, nature, and society when performing actions for various processes and phenomena. Most widely acknowledged is the case when the risk evaluation as a product of two measures -the amount of losses and damages and the probability this event to happen. Phenomena are evaluated when both measures have values in real, admissible limits. Then the risk is defined as a product of the measures described above.
In [1] the case was considered when risk is evaluated and controlled on a network in which some resources (raw materials, money flows etc.) are being transported aiming at that to minimize the transportation expenses observing some limits of the risk. The transportation resource is considered in [1] as a network flow and the risk is in given boundaries -constraints related to the capacities of the separate sections (arcs). In such a formulation risk is defined as a product of the network flow and the probability that adverse event occurred and that product must not exceed a previously defined limit value for the given section (arc) of the network. In such an approach the risk is not directly controlled but obliquely through the two measures above specified. Formalization of this process is described in [1] and a numerical example is given for its realization.
Another approach is proposed in the present work in which the risk itself is considered as a network flow whose values may be controlled on the network and the product being transported at that is defined with the help of the product of the two measures defined above. This means that the total sum of risk of the resources being transported to a given point must be equal to the total sum of the risk of the resources leaving this point. This is the requirement of the equations of the conservation in the network flows. In this approach the direct optimal control of risk obliquely results in minimal expenses for transportation of the respective resources.
The Formal Model
The formalization of this newly proposed method may be carried out in the following way:
Let the network for resources' transportation be an oriented graph G(X,U) with a set of nodes X = {x i / i ∈ I} and a set of arcs U = { x ij / (i, j) ∈ G} where I is the set of indices of all vertices, and G − the set of all pairs of indices of all arcs. At that the graph nodes correspond to the points of the network where the separate flows of the resource gather and branch, and the oriented arcs {x ij } with initial node x i and final node x j − to a corresponding section of the network on which transportation of resources is carried out from x i to x j .
Let r ij denote the risk on the section (arc) x ij and the upper bound of admissible risk on the same arc is denoted by r * ij
. The resource being transported on the sane section of the network will be denoted by f ij and the probability that an adverse event occurred − by p ij . Parameter p ij as probability is of course normed and always in the bounds from 0 to 1.
Then for the risk r ij and the resource f ij we may put down:
(
where f * ij is the admissible upper bound of the resource being transported along arc x ij from the point of view of the admissible risk and
Relations (3) consider the risk as product of two measures -resource and the probability an adverse event to happen.
Mappings Γ 1 and Γ − 1 are defined in the following way [6] :
Print ISSN: 1312-2622; Online ISSN: 2367-5357 DOI: 10.1515/itc-2016-0014
information technologies and control
The node in which the whole resource v is generated will be denoted by s and t denotes the node in which this resource is consumed. If r ij = r * ij
then the arc will be called "saturated" and otherwise -unsaturated.
The value of a unit of risk will be denoted by a ij on the section x ij and by a I ij − of a unit of value for transportation of resource on the same section.
The denotations thus introduced provide a possibility a general network flow model of risk to be defined through which a possibility arises various problems to be solved for optimal planning and control of risk. This model is in the following most general kind:
→ min (or max); observing the relations: for each i ∈ I
, if
where L is the linear form of the objective function and { * ij r / (i,j) ∈ G} corresponds to the optimal solution of the problem from (6) to (9) . The following different ways for finding the network flow risk will be described.
I. Let the value of risk be fixed in the initial, s and terminal, t nodes of the network and according to the network flow requirements (10) 0 < v s = v t . It is necessary to find such values of the risk on each separate arc {r ij / (i,j) ∈ G} at which total minimal by value risk is achieved. For this purpose it is necessary to solve the network flow programming problem from (6) − (9) with minimal value of (6) (7) to (9) .
On the base of the well-known min cut − max flow theorem of Ford − Fulkerson [9] it may be unambiguously defined which section risks {r ij } should be changed so that the general risk v max to be changed. Cuts may be defined on the network G(X,U) in the following way [7, 8 ] : 
The result obtained in (14) shows that the maximal flow of risk v max is equal to the risk of the minimal cut i.e. III. Let's assume that the maximum possible risk v max is defined through problem (11) and from (7) to (9), at which requirements (8) are observed. Then it is possible to determine the maximum possible risk of minimal value (6) . For this the maximal risk already found is accepted as a constant value (19) v max = const and the network flow programming problem (6) is being solved under constraints (7) to (9) . The result obtained It follows from the exposed above that from economic point of view resources may be transported on the network with maximum admissible risks on the arcs (sections) of the network at which the total value of the risk being taken up is the minimum possible for the same network. This means that maximal admissible risks are found with minimal possible value (cost) of them.
On the base of the maximal admissible arc risks { r * ij }, corresponding probabilities {p ij } for adverse events by relation (3) the maximum admissible arc valuations { f * ij } may be found.

Numerical Examples
The following three numerical examples demonstrate how the three problems above described − I, II, III, for finding the network risks may be solved.
A network for distribution of the network risks { r ij } with eight nodes, including the source s and consumer t and 15 oriented arcs (sections) is shown in the figure.
Source data of all parameters for solving the three problems described − I, II, and III, are given in table 1. These are the arc ratings a ij ; probabilities that an adverse events occurred p ij ; admissible upper bounds of the arc risks r }. This provides a possibility the results of using of the two methods to be compared.
Note. Due to the requirements of the program product being used (http://weboptim.iinf.bas.bg) [10] for solving the numerical examples there is a slight difference in the denotations i.e. r12 ~ r 1, 2 The objective from (6) may be put down on the base of data from table 1 and the figure as follows:
where {r ij } are the respective arc variables − risks.
If the maximum admissible risk v max is being sought then the same objective function will be in the following form:
L = 10 r12 + 5 r13 + 5 r14 + 6 r24 + 8 r26 + 6 r34 + 7 r35 +9 r37 + 5 r45 + 6 r46 + 4 r56 + 5 r57 + 6 r58 + 7 r68 + 8 r78 → min where v is a variable -the maximum admissible network risk. On the base of data from the figure and table 1 the network flow equalities and inequalities from (7) to (9) may be put down in the following way: (a1). 1 r12 +1 r13 +1 r14 = v; (a2). 1 r24 +1 r26 −1 r12 = 0; (a3). 1 r34 +1 r35 +1 r37 −1 r13 = 0; (a4). 1 r45 +1 r46 −1 r14 −1 r24 −1 r34 = 0; (a5). 1 r56 +1 r57 +1 r58 −1 r35 −1 r45 = 0; (a6). 1 r68 −1 r26 −1 r46 −1 r56 = 0; (a7). 1 r78 −1 r37 −1 r57 = 0; 6(0,6)
5 (1) 6 ( With the source data thus defined the solution of the three problems − I, II, and III is of the following form:
Problem I. Let the value of parameter v be constant (19) and equal to:
With the value of the network risk thus fixed the optimal distribution of the risk arc values {r ij / (i,j) ∈ G} will be received after solving the network flow programming program (20) observing constraints from (a1) to (a23) and relation (22). The results obtained are given in the second row of table 2 − problem I. The value of (20) at optimal distribution of the arc risks {r ij } is equal 18,72.
Problem II. Let v be a variable (risk) and its maximum admissible value is being sought. For this purpose the problem (21) of the network flow programming is solved (21) observing relations (a1) to (a23). Results obtained are shown in the third row of table 2 for problem II.
Probl. r12 r13 r14 r24 r26 r34 r35 r37 r45 r46 r56 r57 r58 r68 r78 v If the values of the arcs' capacities of the last but one row of table 1 are compared to the corresponding network flow functions of the last but one and the last rows of table 2 it is clearly seen that there is an equality between them on the cut Consideration of the results from tables 1 and 2 demonstrates that with a fixed flow risk v equal to 1 the minimal value to be paid so that the flow passed through the network is 18,72. If the maximum admissible risk for passing through the network is known in advance then the minimal possible value which is to be paid is 25,76. This corresponds to problem III in which the maximal admissible network risk is equal to 1,32.
Summing Up
Distributing the flow of risk on the arcs of the network according to the optimal results obtained the carrier will not exceed the admissible risks on the separate sections (arcs) of the network and will pay the minimum possible expenses for this.
As mentioned in the beginning this way of defining ) , ( * 0 * 0 X X information technologies and control and optimal distribution of the network risks differs from the method proposed in [1] . Which of both methods is better for different requirements and conditions in a network flow will be a subject of a separate research.
